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where a1,a2 ∈ A, b1,b2 ∈ B, m1,m2 ∈ M, n1,n2 ∈ N. This 
algebra is called generalized matrix algebra. In this paper, 
we suppose that A - B-module M and B - A-module N 
are R-modules.

Also, in S if  N = 0 then S is called triangular algebra, and 
this algebra studied by Cheung [3, 4], and other researchers 
in [5, 6, 7].

INTRODUCTION

Let R be an arbitrary commutative ring with unit, let A and 
B be two R-algebras with unit, let M be a left A-module 
and right B-module ((A - B)-module), N be a left B-module 
and right A-module ((B - A)-module) and consider 

S
A M
N B

=








  as an algebra over R with the following 

operations:
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Let 1A and 1B denote the unit elements of  A and B. Let X 
be an A and B two sided module, we write XAA = 1AX1A, 
XAB = 1AX1B, XBA = 1BX1A and XBB = 1BX1B [11].

Suppose that A is an algebra and X is an A-module (i.e. X 
is a two sided A-module). Let Cn (A,X) be the space of  all 
n-linear (as a A-module map) mappings from A × ... × A(n 
times) into X and C0(A,X) = X, for n = 0,1,2, ....

Consider the sequance

0 ( , ) ( , ) ( , ) ( ( , ))
0

0

1

1

1→ → → → →+C A X C A X C A X C A X
d d dn

n… … �

in which

d0x(a) = ax - xa (1)
dnf(a1,a2, ...,an + 1) = a1 f(a2, ...,an + 1)

   + (-1)n + 1f(a1, ...,an,an + 1)

− + ++ −∑  1 1 1 1
=1

( 1) ( , , , , , )
n

j
j j j n

j

f a a a a a
 (2)

where n ≥ 1, x ∈ X and a1, ...,an + 1 ∈ A. The above sequence 
is a complex for A and X. The n-th cohomology group of  
\tilde C~(A,X) is said to be n-th Hochschild cohomology 
group and denoted by Hn(A,X). Actually, Hn(A,X) = 
Zn(A,X)/Bn(A,X) where Zn(A,X) = Ker dn and Bn(A,X) 
=Imdn - 1, for more details [1, 10].

For a given R-algebra Λ we will denote by Λe the enveloping 
algebra of  Λ, that is Λe = Λ ⊗ RΛop, (Λop means opposite 
ring Λ), and for Λ ∈ Λ, Λ0 will be Λ considered as an 
element in Λop.

One method for defining the Hochschild cohomology 
groups of  A is to consider the enveloping algebra Ae of  
A. For any A-module X we can see it as a left Ae-module 
by the action(a ⊗ b0)x = axb for every a,b ∈ A, and x ∈ X. 
Clearly, A is a left Ae-module.

Now, it is easy to verify that the mapping M
M

→










0
0 0

 

which maps m into 
0
0 0

m







  is a S, Se, S ⊗RBop, B ⊗RAop-

isomorphism. If  e is an idempotent element 
1 0

0 0

A







  of  

S then we denote by Pe the indecomposable projective 
S-module Se. Similarly the Se-module Pe may be regarded 
as a S ⊗Aop-module via π, since Pe(Ker π) = 0, and finally, 
the morphism π makes A a Se-module.

According to the above, the canonical sequence

0 → M → Pe → R → 0
is S, Se, and S ⊗ Aop-exact.

In addition, the mapping HomAop(A,X) → X which sends 
any Aop-morphism f: R → X into the element f(1A) of  X is 
a Se-isomorphism. Using now the fact that the canonical 
sequence

0 → Pe → S → B → 0 (3)
is Se-exact we obtain the following.

Theorem 1.1 Let =
A M

S
N B
 
 
 

. Then

HomSe(S,B) ≅ Hom Se(B,B) ≅ HomBe(B,B) = H0(B,B).

Proof. The sequence (3) implies the long exact sequence

0 → HomSe(B,B) →HomSe(S,B) →HomSe(Pe,B)

→ Ext1
Se(B,B) →Ext1

Se(S,B) →Ext1
Se(Pe,B) → ...

It follows from the structure of  Se-module of  B that 
HomSe(B,B) ≅ Hom Be(B,B) =H0(A,A).

MAIN RESULTS

Throughout this section, R, A, B, M and N are the defined 
ring, algebras and modules that are defined in the previous 
section. Smilar to [7], we denote the canonical resolution 
of  S by ( , )

* 2

*
S b+ ′  and assume that ( , )

* *
X b′  is a S-module 

subcomplex of  ( , )
* 2

*
S b+ ′ , defined by

X A B A M B B

N A
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n
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⊗

⊕ ⊕

By a simple calculation one can show that * 2
*( , )S b+ ′  is a 

direct summand of  ( , )
* 2

*
S b+ ′  as an S-module complex. 

Hence, ( , )
* *
X b′  is a projective resolution of  the Se-module 

S, relative to the family of  the Se-linear epimorphisms which 
split as R-linear morphisms.

Now, let * *( , )AX b′ , ( , )
* *
X bB ′ , ( , )

* *
Y bA ′  and ( , )

* *
Y bB ′  be the 

subcomplexes of  ( , )
* *
X b′ , defined by

1 1üüüA n B n
n R n RX A A M X B M B+ +⊗ ⊕ ⊕ ⊗

and

Y N A A Y B n Bn
A

R
n

n
B n

R= ( ) , = ( ).
1 1⊕ ⊗ ⊗ ⊕+ +

Then projective resolutions of  the Se-modules 1AS, S1B, 
S1A and 1BS are (X*

A,b*'), (X*
B,b*'), (Y*

A,b*') and (Y*
B,b*'), 
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respectively. The proof  of  the following Lemma is clear 
and we omit it.

Lemma 2.1 Let Xi' s be as above for n ≥ 1 and let 

µ : 1

1 1 1 1

X
X Y X Y

M NA A B B B⊕ ⊕ ⊕
→ ⊗  be an R-map defined 

by
μ ((a ⊗m ⊗b) ⊕ (b' ⊗n ⊗a')) = aa'(m ⊗ n)bb',

for a,a' ∈ A, b,b' ∈ B, m ∈ M and n ∈ N. The complex

M N X
X Y X Y

X
X Y X Y

B A A B B

b

A A B B

b

⊗ ←
⊕ ⊕ ⊕

←

⊕ ⊕ ⊕
←
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′
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1
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2

2 2 2 2

3

  (4)

is a relative projective resolution of  M ⊗BN as an S-module. 
A contracting homotopy of  (4) as a complex of  R-modules 
is the family

σ
1

1

1 1 1 1

:M N X
X Y X YB A A B B⊗ →

⊕ ⊕ ⊕
 (5)

and

σ n
n

n
A

n
A

n
B

n
B

n

n
A

n
A

n
B

n
B

X
X Y X Y

X
X Y X Y

n

+

+

+ + + +

⊕ ⊕ ⊕
→

⊕ ⊕ ⊕
≥

1

1

1 1 1 1

:

( 1)  (6)

defined by

σ1(m ⊗ n) = 1A ⊗m ⊗1B + 1B ⊗ n ⊗1A

σ n + 1 (a0 ⊗m ⊗ b2,n + 1 + b0 ⊗ n ⊗ a2,n + 1) = 1A ⊗a0 ⊗ m ⊗ 
b2,n + 1

+(- 1)n 1A ⊗ a0m  ⊗ b2,n + 1 ⊗1B + (- 1)n1B ⊗ b0n ⊗ a2,n + 1 ⊗ 1A

σn + 1 (a0,i ⊗ m ⊗ bi + 2,n + 1) = 1A ⊗ a0,i ⊗ m ⊗ bi + 2,n + 1

+1B ⊗ b0,i  ⊗ n ⊗ ai + 2,n + 1  for i > 0,

where a0,i = a0 ⊗ ... ⊗ ai and bi + 2,n + 1 = bi + 2 ⊗...⊗bn + 1.

Let X be an A-module, then for every f ∈ HomAe(An + 2,X),

f a a f a a

X

n n

AA

( ) =
1 0

0 0
( )

1 0

0 0
.

0 1 0 1
⊗ ⊗









 ⊗ ⊗









∈

+ + 

 (7)

for every ai ∈ A and n0 ≤ n ≤ n + 1. Similar to (7) we have 
for every f ∈ HomBe(Bn + 2,X). As a generalization of  Lemma 
4 of  [7], we have the following result:

Lemma 2.2 Let X be an S-module, then

H Hom A b X om X Y b X
Ae AA Se

A A* 2

* * * *
, , , , ,

+ ′( )( ) ≅ ⊕ ′( )( )  
 (8)

and

H Hom B b X om X Y b X
Be BB Se

B B* 2

* * * *
, , , , ,

+( )( ) ≅ ⊕ ′( )( )  

 (9)

Proof. In light of  (7), the canonical inclusion in: HomAe(An+ 2,XA) 
→ H o m A

e( A n  +  2 , X )  i s  a n  i s o m o r p h i s m .  L e t 
θn
A

Ae
n

Se n
A

n
Aom A X om A Y X: , ,

2
H H

+( )→ ⊕( )  be  an 

R-map defined by

• θn
A(f)(a0 ⊗... ⊗an + 1) = f(a0 ⊗...⊗an + 1),

• θn
A

n n Af a a m f a a
m

( )( ) = ( 1 )
0

0 0
,

0 0
⊗ ⊗ ⊗ ⊗ ⊗ ⊗









 

• θn
A

n A nf t a a
t

f a a( )( ) =
0 0

0
(1 ),

0 0
⊗ ⊗ ⊗









 ⊗ ⊗ ⊗ 

for every ai ∈ A, m ∈ M, t ∈ N. Let υn
A: HomSe(Xn

A ⊕ Yn
A,X) 

→HomAe(An + 2, X) be anR-map defined by restriction. 
Clearly, υn

A ◦ θn
A = id. Therefore, we shall show that θn

A◦ υn
A 

= id. Let ( ),A A
e n nS

Hom X Y X∈ ⊕ϕ . Clearly,

θ υ φ φn
A

n
A

n na a a a� … …( )( ) = ( )
0 1 0 1
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for all a0, ...,an + 1 ∈ A. Then
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a a m a a

m
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for all a0, ...,an ∈ A, m ∈ M and n ∈ N. Hence, 
θ υ φ φn
A

n
A

 ( ) = . Since the family θ* ◦ υ* is an R-map of  
complexes, (8) holds. The proof  of  (9) is similar.

Let X  be an A  and B-module, then for every 

f om X
X Y X Y

X
Se

n

n
A

n
A

n
B

n
B∈
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0 1
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Lemma 2.3 Let X be a S-module, then

Hom X
X Y X Y

b X
A R B

op A A B B AB⊗ ⊕ ⊕ ⊕ ⊕
′



















 ≅

*

* * * *

*
, ,

*
*

* * * *
H , , .e A A B BS

X
om b X

X Y X Y

  
′  ⊕ ⊕ ⊕ ⊕  

Proof. The relation (10) implies that the canonical inclusion

H

H

om X
X Y X Y

X

om X
X Y X Y

Se
n

n
A

n
A

n
B

n
B AB

Se
n

n
A

n
A

n
B

n
B

⊕ ⊕ ⊕









→

⊕ ⊕ ⊕

,

, XX








  (11)

is an isomorphism. Definition of  Se and (11) complete 
the proof.

We are now ready to provide one of  our main theorems.

Theorem 2.4 Let X be an S-module, then there exists a 
long exact sequence

0
0 0 0

0
,

0 ( , ) ( , ) ( , )

E ( , )

j

AA BB

op B ABA B R

H S X H A X H B X

xt M N X



⊗

→ → ⊕ →

⊗

→ → ⊕ →

⊗ →
⊗

π δ0

1

1

1 1

1

,

1

( , ) ( , ) ( , )

( , )

H S X H A X H B X

xt M N X

j

AA BB

A Bop R B ABE 

where 
*

,
E ( , )op ABA B R

xt M N X
⊗

⊗  denote the Ext groups 
of  the A ⊗BB

op-module M ⊗B N, relative to the family of  
the A ⊗B B

op-epimorphisms which splits as R-morphisms.

Proof. Let ( , )
* 2

*
S b+ ′  be the canonical resolution of  S and 

(X*,b'*), (X*
A,b'*), (X*

b,b'* ), (Y*
A,b'*), (Y*

B,b'*) be as before. By 
Lemma 2.1,

0 ( , ) ( , ) ( , ) ( , )
* * * * * * * *

→ ′ ⊕ ′ ⊕ ′ ⊕ ′X b Y b X b Y bA A B B

→ ′ →
⊕ ⊕ ⊕

′








→( , ) , 0,

* *

*

* * * *

*
X b X

X Y X Y
bA A B B

implies the long exact sequence

0 ( , ) (1 1 , )
,

0

,

0→ → ⊕E Ext S X xt S S X
Se R Se R A B

→ ⊗ →E Ext M N X xt S X
Se R B Se R,

0

,

1
( , ) ( , )

1 1
, ,

E (1 1 , ) E ( , ) .e A B e BS R S R
xt S X xt M N X→ ⊕ → ⊗ →

Now, it suffices to apply Lemmas 2.2 and 2.3.

Let π:S → B be an ring morphism defined by

π ( ) = ,
a m
n b

b










for all 
a m
n b

S








∈ . Let BS denote the ring B considered 

as an S-module via π. Also, ( , )X ba
A

a
'



 , ( , )X ba
B

a
'



 , ( , )Y ba
A

a
'





 
and ( , )B '

a aY b



 are projective resolutions. Now, by this 
notifications we have the next result, that has an important 
role for proving Theorem 2.7 and it’s proof  is obvious.

Lemma 2.5 Let µ : 0

0 0

X
X Y

BA A S⊕
→  be the map defined by

μ (b0 ⊗ b1 + m ⊗ b + n ⊗ a) = b0b1,

for b,b0,b1 ∈ B, a ∈ A, m ∈ M and n ∈ N. The complex

B X
X Y

X
X Y

X
X YS A A

b

A A

b

A A

b

←
⊕

←
⊕

←
⊕

←
′ ′ ′µ

0

0 0

1
1

1 1

2
2

2 2

3

  (12)

is a relative projective resolution of  BS as an S-module. 
A contracting homotopy of  (12) as a complex of  
R-modules is the family

σ σ
0

0

0 0

1

1

1 1

: :

( 0),

B X
X Y

nd X
X Y

X
X Y

n

S A A n
n

n
A

n
A

n

n
A

n
A

→
⊕ ⊕

→

⊕
≥

+

+

+ +

a

defined by:

σn +1(x0 ⊗... ⊗xn) = 1A ⊗ x0 ⊗... ⊗xn.
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Lemma 2.6 Let X be an S-module, then

H

H

om X
X Y

b X

om X
X Y

b

S R B
op A A B

Se A A

⊗ ⊕
′



















 ≅

⊕
′

*

* *

*

*

* *

, , 1

,
**
, .



















X

Proof. Since, for every f om X
X Y

X
Se

n

n
A

n
A∈

⊕









H , ,

0 1 0 1
0 0

üüü
0 1n n Büüü + +
 

⊗ ⊗ ⊗ ⊗ ∈  
 

the canonical inclusion

H , 1 H ,n n
e B eA A A AS S

n n n n

X X
om X om X

X Y X Y

   
→   ⊕ ⊕   

is an isomorphism. To end the proof  it suffices to observe 
that

H

H

om X
X Y

X

om X
X Y

X

S R B
op

n

n
A

n
A B

Se
n

n
A

n
A B

⊗ ⊕









 ≅

⊕











, 1

, 1 .

By the above lemmas, we are ready to prove the following.

Theorem 2.7 Let X be an S-module, then there exists a 
long exact sequence

0 ( , 1 ) ( , ) ( , )
,

0 0 0→ → →
⊗

Ext B X H S X H A X
S R B

op R S B AA

→ → → →
⊗

Ext B X H S X H A X
S R B

op R S B AA
,

1 1 1
( , 1 ) ( , ) ( , ) .

Proof. By Lemma 2.5,

0 ( , ) ( , ) , 0,
* * * * *

*

* *

*
→ ⊕ ′ → ′ →

⊕
′









→X Y b X b X

X Y
bA A

A A

leads to the long exact sequance

0 ( , ) ( , ) (1 , )
,

0

,

0

,

0→ → →E E Ext B X xt S X xt S X
Se R S Se R Se R A

1 1 1
, , ,

E ( , ) E ( , ) E (1 , ) .e S e e AS R S R S R
xt B X xt S X xt S X→ → → →

Now, apply Lemmas 2.2 and 2.6.

Example 2.8 Let S
A M
N B

=








  where M ⊗B N = 0 = N 

⊗B M. Now, we compare Hn(S,X) where X is an S-module. 

Since, M ⊗N = 0, thus Ext M N X
A Bop R
i

AB⊗
⊗

,

( , ) = 0 . 

Therefore, by Theorem 2.4, we have

H S X H A X H B Xn n
AA

n
BB( , ) ( , ) ( , ).≅ ⊕

Also,

H S S H A A H B Bn n n
( , ) ( , ) ( , ).≅ ⊕

Example 2.9 In example 2.8, we put M m=   and N n=   

where (m,n) = 1 and A B= =  . Then

( , ) ( , ) ( , ) = 0.n n nH S S H H≅ ⊕   
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